where |A| = a, |B| = b, |C| = c, and |D 1 | = |D 2 | = · · · = |D k | = 2. Let α ∈ A, β ∈ B, γ ∈ C, δ 1 ∈ D 1 , . . . , δ k ∈ D k , and define f on our semigroup by
, and define the semigroup operation itself as x y = f (x); it is routine to check that this is associative with commuting probability
Suppose the desired commuting probability is p q . Set M = 16pq−8q+3 = 8q(2p − 1) + 3. This is a natural number not of the form 4 k (8m + 7) and hence we can find natural numbers x, y, z satisfying
Set a = x + 1, b = y + 1, c = z + 1. These are positive integers. Set
. Since M is odd, one or three of x, y, z are odd, hence zero or two of a, b, c are odd, hence k is an integer. It is a routine exercise using Lagrange multipliers to show that x + y + z is maximized on the surface
. This is at most 4q hence k is nonnegative. Otherwise 3(1 + M /3) > 4q, which simplifies to 16q(3p − q) > 0, which contradicts
. The commuting probability of S(a, b, c, k) is
For positive integers a, b, c and nonnegative integer k, we define the family of semigroups T (a, b, c, k), as follows. The ground set is as before. We define f this time via
If f (x) > f (y), we let x y = y x = x; if f (x) = f (y), we define x y = x.
It is routine to check that this is associative with commuting probability
Let the desired commuting probability be 
RATIONALS IN (1/2, 2/3]
Let S be a semigroup on {1, 2, . . . , n}, with operation and commuting probability m n 2 . We define a new semigroup on {1, 2, . . . , n}∪{−1, −2, . . . , −n},
with operation
It is routine to check that this is associative with commuting probability 2m + 2n
We apply this construction to the semigroups S(a, b, c, k) and observe that It is routine to check that this is associative with commuting probability 2m (2n) 2 = m n 2 /2.
We apply this construction to T (a, b, c, k) and observe that y = x/2 is a bijection between the rationals in ( 2 /3, 1] and the rationals in ( 1 /3, 1 /2].
